A 3-dimensional calculation of atmospheric neutrinos flux is presented, and the results are compared with those of a 1-dimensional one. In this study, interaction and propagation of particles is treated in a 3-dimensional way including the curvature of charged particles due to the geomagnetic field, which is assumed to be a dipole field. The purpose of this paper is limited to the comparison of calculation schemes. The updated flux value with new interaction model and primary flux model will be reported in a separate paper.
The conflict between experimental data and the theoretical predictions of atmospheric neutrinos gives evidence for neutrino oscillations [5] (see also [1] [2] [3] [4] ). The data from Super-Kamiokande, which dominate the statistics in the atmospheric neutrino data, are well explained by ν τ ↔ ν µ oscillation with ∆m 2 ≃ 3×10 −3 eV 2 and sin 2 2θ ∼ 1. We note that the oscillation mode of ν τ ↔ ν µ with ∆m 2 ∼ 1 × 10 −2 eV 2 was suggested [8] [9] [10] immediately after the discovery of the atmospheric neutrino anomaly [6] , using the the atmospheric neutrinos flux predicted in the 1-dimensional approximation [7] . The theoretical study of the atmospheric neutrinos has also been improved since that time, but most of them still employ the 1-dimensional approximation [12] [11] . For further study of neutrino oscillations, a better prediction of the atmospheric neutrino flux calculated using a 3-dimensional scheme may be needed.
The '3D-effects' are not so large; the bending of muons in the geomagnetic field is ∼ 0.1 radian (∼ 5 degree) in the average muon lifetime, and the transverse momentum of a secondary particle in a hadronic interaction is typically 0.3GeV/c. Both are small effects for neutrinos with energy of > ∼ 1GeV, and could be ignored for ≫ 1 GeV. Therefore it is considered that 1-dimensional calculation is sufficient for the confirmation of neutrino oscillation and their nonzero masses. The effects become important, however, for neutrinos with energies < ∼ 1GeV. One of the difficult problems of the 3-dimensional calculation is the computation time. If we sample the cosmic ray uniformly over the surface of the Earth, roughly speaking, only (Detector−size/Earth−radius) 2 of the produced neutrinos go through the detector. The 3dimensional calculations that have been reported so far adopt some ideas which address this computation problem. Tserkovnyak et al. assumed a huge detector size [14] . However, they still suffered from small statistics. On the other hand, Battistoni et al. assumed a spherical symmetry ignoring the geomagnetic field in the air [13] , and they found an enhancement of atmospheric neutrino fluxes in near-horizontal directions at low energies. This is a general feature in the 3-dimensional calculation, as Lipari gives an explanation of it in terms of geometry [15] . Such a feature is not seen in the 1-dimensional calculation.
In this study, we introduce a dipole geomagnetic field both for the geomagnetic cutoff test and particle simulation in the air. With the axisymetry of the dipole geomagnetic field, we can integrate the results over longitudinal directions and reduce the computation time to get the sufficient statistics. This dipole magnetic field may be an over simplification for the geomagnetism, but is useful to estimate the effect of the geomagnetic field in the air on atmospheric neutrinos. This is stressed by Lipari [16] .
In this paper, we concentrate on the comparison of the 3-dimensional calculation, with and without the geomagnetic field in the air, and the 1 dimensional one. The flux value will be reported in a separate paper with an improved interaction model. New Flux Model I is used in this study. Crosses indicate data from Ref. [18] , open squares MASS [19] , open upward triangles indicate LEAP [20] , open downward triangles IMAX [21] , open vertical diamonds CAPRICE [22] , open circles BESS [23] , and open horizontal diamonds AMS [24] . Pluses, closed squares, closed vertical diamond, closed upward triangles, and closed downward triangles are from Refs [22] The atmospheric neutrino flux of < ∼ 1 GeV, in which we expect sizable differences between 1-dimensional and 3-dimensional calculations, is mainly produced by the cosmic rays with energies below 100 GeV. The recently observed proton cosmic ray flux in this energy region is lower than the HKKM flux model above 30 GeV, showing the maximum difference of 30 % at around 100 GeV ( Fig. 1 ). Variations of observed flux for < 10 GeV are also seen. However, this is mainly due to modulation by Solar activity, and they agree with each other when a proper correction is applied. Therefore, we renew the primary proton flux model based on recent observations, especially those of BESS [23] and AMS [24] . Above 100 GeV, we construct two primary flux models for proton cosmic rays: New Flux Model I and New Flux Model II shown in Fig. 1 with available data. They are considered as the upper and lower bounds of plausible extrapolation from lower energies. The fraction of heavier chemical composition in cosmic rays is small at < 100 GeV, and we take the values of the old HKKM flux model for them.
II. SIMULATION SETUPS AND PROCEDURE
As a temporary choise, we use the New Flux Model I in this study. The differences in the primary flux model, including that for heavier nuclei, would not result in large differences in the comparison of 1D and 3D calculation schemes. However, the differences in neutrino flux between the New Flux Model I, II, and the Old Flux Model are briefly addressed in a later section.
For the interaction model, we use the same interaction model as the HKKM [11] calculations in this study. We stress that, however, we are improving the interaction model, since the combination of new flux model and present interaction model does not explain the observed flux of secondary cosmic rays at several altitudes. The updated interaction model as well as the primary flux model will be reported in a forthcoming paper with the resulting neutrino flux.
We assume that the surface of the Earth is a simple sphere with radius of R e ≃ 6378 km, and use a geomagnetic coordinate system such that the center of the Earth is the origin and the line from the center of the Earth to the magnetic north pole is the z-axis. The geomagnetic field is approximated by a dipole magnetic field as,
with B 0 = −0.30 in this coordinate system. The position of magnetic north pole is calculated to be at (71.4W, 79.3N) for the geomagnetic field in 1995. And the magnetic latitudes for SK, Soudan-II, and SNO are 26.9 N, 58 N, and 54.0 N, respectively. The position of SK may be considered as the mid-magnetic-latitudes (MML), and that of Soudan-II and SNO as the high-magnetic-latitudes (HML).
In addition to the surface of the Earth, we consider three more spheres. The first one is called the injection sphere with the radius of R e + 100 km, the second one is the simulation boundary sphere with radius of R e + 300 km, and the third one is the geomagnetic sphere with radius of 10 × R e . (See Fig. 2 .) The simulation of cosmic rays starts at the injection sphere, and is carried out in the space between the surface of the Earth and the simulation boundary sphere. Outside of the geomagnetic sphere, we consider the cosmic rays are free from the effects of the geomagnetic field. First, the chemical composition and energy are sampled for a cosmic ray following the energy spectrum of each chemical composition. Then the injection position is sampled uniformly over the injection sphere and the arrival directions are sampled so that the zenith angle distribution is proportional to [ cos θ · d cos θ ], where θ is the zenith angle at the injection point. We record the sampled energy, the chemical composition, the position of the injection and the direction of the cosmic ray, irrespective of the result of the geomagnetic cutoff test.
For the geomagnetic cutoff test, we trace the backward path of a particle with the same mass and energy as the cosmic ray but with the opposite charge. If the particle goes out of the geomagnetic sphere within 100 sec without going into the injection sphere, we judge the cosmic ray has passed the geomagnetic cutoff. The above geomagnetic cutoff test only picks up cosmic rays which arrive in the injection plane for the first time. Note that the geomagnetic cutoff test works exactly the same way for two particles with the same rigidity (p/Z).
The cosmic rays which pass the geomagnetic cutoff test are fed into Cosmos simulation code [17] . When a neutrino is produced in the simulation, the production position and the direction are recorded. Other particles are traced until they decay, they leave the simulation sphere or enter the Earth.
For the neutrinos, we calculate both the point of entrance into the Earth and the point of emergence from the Earth; neutrinos which do not enter the Earth are discarded. At each point, the arrival zenith angle and the azimuth angles are calculated. We note that the arrival zenith angle is defined as the angle between the downward normal vector direction and direction of the neutrino at each point. The azimuth angle is defined as the projection angle on the tangential plane at each point.
We refer to the calculation setup explained in the above as the 3D calculation. We performed three other calculations with different setups to the above. The first is a 1dimensional calculation such that the geomagnetic cutoff test is applied with the same dipole magnetic field as in the 3-dimensional case, but all particles are treated by Cosmos in a 1-dimensional fashion (1D calculation), in which all secondary particles are produced in the direction of the primary cosmic ray. The second is such that the geomagnetic cutoff and the interaction are treated in the same way as the 3D calculation but the effect of the geomagnetic field is ignored in the air (3D-nomag calculation). The third is another 1D calculation such that most of procedures are the same as the 1D, but the the geomagnetic cutoff is applied with the multi-pole expanded (8th order) geomagnetic field (1D-multipole calculation). This calculation is perfomed both for the SK site and for North America. This is almost the same as the HKKM calculation [11] except for the Flux model. The New Flux Model I is used for all the above calculations. In Fig. 3 , we show the energy spectra averaged over all directions of atmospheric neutrinos predicted by several different calculations for the MML (mid-magnetic-latitudes), and in Fig. 4 for HML (high-magnetic-latitudes). To see the difference more clearly, we also calculated the ratios of the 1D, 3D, and 3D-nomag to the 1D-multipole fluxes for MML and HML, and the ratio of 3D fluxes for HML to that for MML in Fig. 5 .
The differences between 1D, 3D, 3D-nomag, and 1D-multipole calculations using the same primary cosmic ray flux model are small for MML. The differences are less than 5 % for > ∼ 200 MeV for all the calculation schemes, and for > ∼ 100 MeV between 1D and 3D. On the other hand, the differences between different calculation schemes are larger in HML than those in MML.
The neutrino flux difference between the New Flux Model-I and II is < ∼ 2 -3 % at 1 GeV and it grows to ∼ 10 % at 10 GeV. It is rather small in the energy region where the '3D-effects' are important. However, the difference between the Old Flux Model and New Flux Model-I is 8 ∼ 12 % at 1 GeV and grows to a maximum of ∼ 20 % at 6 ∼ 8 GeV, and decreases above these energies.
The flux of Battistoni et al. [13] is a little smaller than ours for < ∼ 3 GeV, and the difference is ∼ 15% at 1 GeV in MML. In HML, their flux is again smaller than ours for 300 MeV < ∼ E ν < ∼ 3 GeV (∼ 15% at 1 GeV). But below 300 MeV, their flux is similar or even larger than ours. However, their flux is very similar to ours at energies > ∼ 3 GeV in both MML and HML. In the 1-dimensional approximation, and without the geomagnetic cutoff, we expect larger atmospheric neutrino flux for the horizontal direction than for the vertical direction. Since the average first interaction point of cosmic rays is ∼ 100 g/cm 2 in column density, the inclined cosmic rays produce pions in a higher altitude than the vertical ones. When π-µ decays take place in the dense air, the resulting neutrino flux is reduced, since the interaction probability of pions with the other air nuclei and the energy loss of the muons increases with the air density. Note, however, the muon energy loss is more important than the interaction probability of pions in the energy region in which we are interested ( < ∼ 1 GeV). The geomagnetic cutoff modifies the zenith angle dependence of the atmospheric neutrino flux at low energies ( < ∼ 3 GeV). In MML, even high rigidity particles ( > ∼ 35 GV) do not pass the geomagnetic cutoff test in the near-horizontal easterly directions, while relatively low rigidity particles (∼ 11 GV) pass the test in the near-vertical directions. Thus the atmospheric neutrino flux for horizontal directions is lower than that for the neighboring directions, even after averaging over all azimuth angles. In HML, we expect the downward going neutrino flux is larger than the upward going neutrino flux, since averaged cutoff rigidity is lower for down going directions.
We show the zenith angle variation calculated in the 1D, 3D, and 3D-nomag schemes in Figs. 6 and 7 for MML and HML respectively to compare the zenith angle dependence of the atmospheric neutrino flux among different calculation schemes. The neutrino fluxes are integrated in the energy range of 0.1 -0.3 GeV, 0.3 -1 GeV, and 1 -3.1 GeV, and averaged over all azimuth angles.
The zenith angle variations of the atmospheric neutrino fluxes calculated in the 1D and 1D-multipole schemes are well explained by the incident angle of the primary cosmic ray and the geomagnetic cutoff as above. In the 3D and 3D-nomag calculations, however, there is a large enhancement of neutrino fluxes in the near-horizontal directions, which is not seen in the 1D and 1D-multipole calculations. This horizontal enhancement is seen in both MML and HML. The horizontal enhancement of atmospheric neutrino flux was first reported by Battistoni et al. [13] , and Lipari gave an explanation in terms of geometry [15] .
Note that the results of Battistoni et al. should be compared with the 3D-nomag, since they considered the geomagnetic field outside the atmosphere to calculate the geomagnetic cutoff but they did not apply the geomagnetic field in the atmosphere. Therefore, we included their results in our 3D-nomag figures. Their results show a larger horizontal enhancement than ours. This could be explained by the difference of each hadronic interaction model. We show the azimuth variation of the neutrino fluxes calculated in 1D, 3D, and 3Dnomag schemes in Fig. 8 and Fig. 9 for MML and HML, respectively. The azimuth variation calculated in 1D-multipole scheme is also shown with that in the 1D scheme as a histogram. The neutrino flux is integrated over the energy range of 0.1 -0.3 GeV, 0.3 -1 GeV, and 1 -3.1 GeV, and averaged over the zenith angles: | cos(θ Zenith )| < 0.5.
The azimuthal variation of the neutrino fluxes is determined only by the geomagnetic cutoff in the 1-dimensional approximation, and we expect a small deviation from that in the 3-dimensional schemes. The difference between 1D, 3D, and 3D-nomag is small since they use the same geomagnetic cutoff scheme. The difference between the dipole and multi-pole geomagnetic cutoff scheme is also small.
In both MML and HML, the atmospheric neutrinos fluxes are larger in the westerly directions (180 • < azimuth < 360 • ) than the easterly directions (0 • < azimuth < 180 • ) due to the lower cutoff rigidity for the westerly directions. However, the difference between the westerly direction and the easterly direction is smaller in HML than in MML. Since the corresponding energy to the cutoff rigidity is near or even lower than the pion production threshold of cosmic rays in HML, the effect of the geomagnetic cutoff is small.
We would like to note, however, that there is a feature which is not explained by the geomagnetic cutoff only. The azimuth variation ofν µ and ν e fluxes is larger than that of ν µ andν e fluxes only in the 3D calculation, and this is not seen in other calculation schemes. The differences betweeen ν µ andν µ , and ν e andν e are considered to result from the curvature of muons in the geomagnetic field. This feature is seen both in HML and MML. In order to study the horizontal enhancement in more detail, we have taken the flux ratio between the 3D and 3D-nomag calculations and the 1D calculation for MML. The flux ratio is shown separately in Fig. 10 for easterly directions (S-E-N 180 • in azimuth angle), and in Fig. 11 for westerly directions (N-W-S 180 • in azimuth angle). Note that the unit of the vertical axis is different in these ratio-figures.
Firstly, the amplitude of the horizontal enhancement is different in easterly and westerly directions for both 3D and 3D-nomag calculations. In the near-horizontal easterly directions, it is ∼ 200 % for 0.1 -0.3 GeV, and ∼ 50 % for 0.3 -1.0 GeV, while in the westerly directions, it is ∼ 100 % for 0.1 -0.3 GeV, and ∼ 30% for 0.3 -1 GeV. The large amplitude of the horizontal enhancement for easterly direction is caused by the low neutrino flux in 1D calculation in near-horizontal easterly directions due to the high cutoff rigidity ( > ∼ 35GV). The '3D effects' work to smear out such a quick variation, and the ratio of the 3D flux to 1D one is larger for the region with higher cutoff rigidity if the zenith angle is the same.
In the energy range of 1.0 -3.1 GeV, however, the horizontal enhancement becomes small and the difference between 3D and 3D-nomag calculation becomes apparent. In the 3D calculation, ν µ andν e fluxes are enhanced, whileν µ and ν e fluxes are suppressed for easterly horizontal direction, andν µ and ν e fluxes are enhanced, while ν µ andν e fluxes are suppressed for westerly horizontal direction. These feature is not seen in the 3D-nomag calculation. Remember the fact that both theν µ and ν e are produced in a µ + decay, while both the ν µ andν e are produced in a µ + decay. It is natural that the products of the same-sign charge particles as protons enhance the E-W effect, while those of the opposite sign give the opposite effect. Lipari pointed the importance of the magnetic field after the geomagnetic cutoff and predicted this effect in Ref. [16] . The differences between 3D and 3D-nomag calculations are ∼ 10 % for the ν µ andν e , and 20 ∼ 30 % for theν µ and ν e , over a wide energy range in the horizontal, westerly or easterly directions. Note that the geomagnetic effect is larger for ν e andν e than for ν µ andν µ , since ν µ andν µ are also produced when the muons are produced in the pion decay. For the HML, the flux ratio is also calculated and shown separately in Fig. 12 for easterly directions (S-E-N 180 • in azimuth angle), and Fig. 13 for westerly directions (N-W-S 180 • in azimuth angle). Note that the unit of the vertical axis is different in these ratio-figures.
The general feature is the same as in the MML. The horizontal enhancement is larger for lower neutrino energies, and the difference between 3D and 3D-nomag calculation is seen in near-horizontal directions for > ∼ 1 GeV. However, the difference between easterly and westerly directions is smaller than that in the MML, since the effect of rigidity cutoff is small even in the near-horizontal directions. It is ∼ 100 % for 0.1 -0.3 GeV, and ∼ 30% for 0.3 -1 GeV for both directions. Also the differences of the fluxes in 3D and 3D-nomag calculation are similar to those in MML, but a little smaller. As we have already discussed in section III B, the production height of atmospheric neutrinos is mainly determined by the zenith angle of incoming cosmic rays in the 1D calculation. The cutoff rigidity also gives an additional effect to the production height for low energy neutrinos. The production height of a fixed energy neutrino is lower for higher energy parent cosmic rays, since the interaction-decay cascade extends deeper into the atmosphere when it is initiated by higher energy cosmic rays. The production height is also different for different kinds of neutrino. It is lower for ν e andν e than for ν µ and ν µ , because the former are mainly produced only in the decay of muons and the latter are produced both in the muon and pion decays, and the muons are mainly produced in the pion decay.
In order to study the difference of the production height between the 1D and 3D calculations, we integrate it from ground level to the top of the atmosphere for the 1D and 3D calculations. We show the accumulated probabilities of 20 %, 50 %(median), and 80 % in Figs. 14 and 15 .
We find that the production heights in the 3D and 1D calculations are almost identical for the near-vertical directions. Also they roughly agree each other for the near-horizontal directions at high energies ( > ∼ 1 GeV). However, the production height in the 3D calculation is apparently lower than that in the 1D calculation for near-horizontal direction and neutrino energies < 1 GeV. Despite of this difference, the essential discussions for the production height in the 1D calculation can be applied to the 3D calculation. The production height for near-vertical direction is higher than that for near-horizontal direction. Also the effect of geomagnetic cutoff on the production height can be seen in the comparison of MML and HML, and in the comparison for easterly and westerly near-horizontal directions.
From these figures, we find that the neutrino production heights calculated in the 1D and 3D calculations agree with each other for > 0.3GeV in near-vertical direction, and for > 1GeV in near-horizontal directions. Note that at high energies ( > ∼ 2 GeV), our calculation also suffers from small statistics. However, in the near-horizontal direction and for < 1 GeV, the production height is lower in the 3D calculation than that in the 1D calculation. The difference of the production height between the decay products of µ − (ν µ andν e ) and those of µ + (ν µ and ν e ) is also seen in the 3D calculation in the energies of > ∼ 300 MeV. The production height of (ν µ andν e ) is higher than that of (ν µ and ν e ) for westerly direction, and the production height of (ν µ andν e ) is lower than that of (ν µ and ν e ) for easterly direction. This can be understood by the curvature of muons.
IV. SUMMARY AND DISCUSSIONS
We have calculated the flux of atmospheric neutrinos in a 3-dimensional scheme (3D), with the geomagnetic field simplified by a dipole approximation. We have made two other calculations using the same geomagnetic cutoff scheme: one is a 1-dimensional scheme (1D) and the other a 3-dimensional calculation without geomagnetic field in the air (3D-nomag). Adding to the above three, we have prepared another 1-dimensional calculation using the geomagnetic cutoff scheme due to a multi-pole expanded geomagnetic field similar to HKKM calculation [11] (1D-multipole).
The most remarkable fact is the large enhancement of the low energy neutrino flux at near-horizontal directions found both in the 3D and 3D-nomag calculations in both mid and high magnetic latitudes. This enhancement is already reported by other 3-dimensional calculations [13] [15] , and Lipari showed that the enhancement can be explained by the geometry [15] .
Simplifying Lipari's explanation, we may consider an extreme case where neutrinos are produced in directions completely independent of the parent cosmic ray direction. Ignoring the geomagnetic cutoff, we may also take the atmosphere as an isotropic neutrino source. In this extreme case the flux from a direction is proportional to the integration of neutrino emissivity along the line of sight in the atmosphere. Therefore, the neutrino flux is roughly proportional to the length of the line in the atmosphere, which is far larger in the horizontal direction than in the vertical one.
The above simplified consideration does not explain all the differences between the 1D and 3D-nomag calculations. The flux calculated in the 3D-nomag calculation is in between the above extreme and the 1-dimensional assumption that the neutrinos are produced in the same direction as the parent cosmic ray. This effect is important for low energy neutrinos, since the neutrino direction approaches this extreme case. However, for ∼ 1GeV neutrinos, the horizontal enhancement is only ∼ 10 % even for nearly horizontal directions.
The effect of the geomagnetic field is different for the neutrinos produced by µ + (ν µ and ν e ) and the neutrinos produced by µ − (ν µ andν e ), as is also predicted by Lipari [16] . This effect is not as large as the geometric enhancement for < 1 GeV. However, it gives 10 ∼ 20 % effect for near-horizontal directions, and is almost independent of the neutrino energy and magnetic latitude. Since this is caused by the curvature of muons in the geomagnetic field, it should affect neutrino fluxes up to energies of > ∼ 10 GeV. When we compare the 1D and 3D calculations averaging over all directions, we found the difference is rather small for MML even at 100 MeV (∼ 5 %). Considering the fact that the difference between the 1D and 3D calculations is small for > 0.1 GeV, we would be able to conclude that the 1-dimensional calculation made in [11] is reasonably justified for the MML (mid-magnetic-latitudes, SK) as for as the average over all directions is concerned. We note, however, this is not a general statement; the difference for the HML (high-magneticlatitudes, Soudan-II and SNO) is ∼ 7 % at 300 MeV and ∼ 15 % at 100 MeV. Thus, the '3d-effects' work more effectively in HML (high-magnetic-latitudes) than in MMH (midmagnetic-latitudes), or for the position with lower cutoff rigidities.
The production heights of the atmospheric neutrino in the 3D calculation are similar to that in the 1D calculation for > 1 GeV. They are almost identical in the near vertical directions. In the near-horizontal directions, however, the production height in 3D calculation is lower than that in 1D calculation, and there are apparent differences in the production heights of between ν µ andν µ , and between ν e andν e due to curvature of muons in the geomagnetic field.
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